PHYSICAL REVIEW B 113, L081108 (2026)

Editors’ Suggestion
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One-body reduced density-matrix functional (1IRDMF) theory has yielded promising results for small systems
such as molecules, but has not addressed quantum phase transitions such as the Mott transition. Here we
explicitly execute the constrained search within a variational ansatz to construct a IRDMF for the multiorbital
Hubbard model with up to seven orbitals in the thermodynamic limit. The variational ansatz is the ' = 3 ansatz
of the variational discrete action theory (VDAT), which can be exactly evaluated in d = oo. The resulting
1RDMF exactly encapsulates the N' =3 VDAT results, which accurately captures Mott and Hund physics.
We find that nonanalytic behavior emerges in our IRDMF at fixed integer filling, which gives rise to the Mott
transition. We explain this behavior by separating the constrained search into multiple stages, illustrating how a
nonzero Hund exchange drives the continuous Mott transition to become first-order. Our approach creates a new
path forward for constructing an accurate IRDMEF for strongly correlated electron materials.

DOLI: 10.1103/z7qw-99jc

One-body reduced density-matrix functional (1IRDMF)
theory can be viewed as a formalism to encapsulate the
ground-state properties for a class of Hamiltonians with fixed
interactions and arbitrary one-body terms [1-6]. While the
existence of the exact IRDMF can be proven using the
constrained search, the IRDMF is only useful if reliable ap-
proximations can be developed. An analogous scenario can be
found in density functional theory, where the formally exact
exchange-correlation functional can be approximated using
the local density approximation [7]. The breakthrough in the
present work is demonstrating that the IRDMF can be con-
structed by exactly executing the constrained search within
a nontrivial variational ansatz for the multiorbital Hubbard
model in d = oo.

There have been successes in developing explicit
IRDMF’s which produce reasonable energetics in vari-
ous molecules [4,8—14] and single orbital Hubbard models
[15-27], in addition to select observables in crystals [28-32].
However, there has not been a rigorous demonstration that any
existing 1RDMF can capture the Mott transition. Our focus
is capturing local Mott and Hund physics, which is hosted
in strongly correlated electron materials (SCEM) which often
bear d or f electrons [33]. The essence of SCEM is embodied
by the multiorbital Hubbard model in infinite dimensions,
which facilitates numerically exact solutions and serves as a
reasonable starting approximation for crystals in two and three
dimensions [33—-36]. While the dynamical mean-field theory
(DMEFT) is the de facto standard for computing the Green’s
function of the d = oo Hubbard model, the variational dis-
crete action theory (VDAT) [37,38] offers an alternate route
to the exact ground-state properties within the variational
paradigm. In this paper, we demonstrate that VDAT is an
essential tool for constructing a robust IRDMF for the d = oo
Hubbard model.

A robust IRDMF of the multiorbital Hubbard model
should satisfy the following criteria, which are dictated by
numerically exact solutions in infinite dimensions. First, the
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Mott transition must be predicted at a finite Hubbard U.
Second, the order of the Mott transition must be properly
predicted with or without the Hund coupling J. Third, the
aforementioned goals should be achieved while maintaining
the symmetry of the Hamiltonian, proving that the func-
tional can faithfully describe Mott and Hund physics. Here
we demonstrate that an accurate IRDMF that satisfies the
preceding criteria can be constructed by exactly executing
the constrained search within the A/ = 3 sequential product
density-matrix (SPD) ansatz of VDAT in infinite dimensions
[37,38]. Given that VDAT at N = 3 has been demonstrated
to accurately capture Mott and Hund physics [39,40], the
resulting IRDMF serves as an efficient approach to exactly
encapsulate VDAT results. A companion article to this Letter
introduces the qubit parametrization of VDAT, which provides
the technical tools needed to execute the constrained search
[41].

For simplicity, we consider the translationally invariant
Hamiltonian H = ", , €x¢fixe + Hin, Where k labels a recip-
rocal lattice point, £ enumerates 2Ny, Spin orbitals, and the
interaction Hamiltonian is Hy = > i Hioc({fiie}) where Hiq
is an arbitrary polynomial function and #i;, is the density
operator for spin orbital £ at site i. It should be noted that
the one-body contribution is restricted to be diagonal in £ and
the local interactions are restricted to a density-density form,
which are common simplifications used when studying the
multiorbital Hubbard model (e.g., see Ref. [42]). For this class
of Hamiltonians, the interaction energy functional is defined
as

1 -
Ein({nee}) = I I}E?{(‘I’IHimI\I’H(\PIﬁk«I\W =niey, (D)

where |W) is a normalized state in the many-particle Fock
space, L is the number of sites in the lattice, and n, € [0, 1].
For a given Hi., the interaction functional Ej, is univer-
sal in the sense that it provides the ground-state energy for
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FIG. 1. Double occupancy vs U/t for the single-orbital Hubbard
model on the Bethe lattice in d = oo using four IRDMF’s: MBB,
Power, CA, and CGA. The exact DMFT and VDAT results are taken
from Ref. [38]. The black line is obtained from interpolations of
the metallic and insulating DMFT data. The 1RDMF derived in the
present work exactly reproduces the VDAT results (red line).

Hamiltonians with arbitrary ¢;, as follows:

ilkg

E = mm ( Z €kl + Eml({”k[})) )

Whlle Eint({n¢}) must be explicitly constructed for a given

H;y,, the interacting energy functional for AH., where A is a
positive number, is the interacting energy functional for Hiy
multiplied by A.

We begin by examining the fidelity of numerous explicit
1RDMF’s from the literature by applying them to the single-
orbital Hubbard model in d = oo, including the MBB [43],
CA [44], CGA [45], and power [30] functionals, all of which
approximate the interaction energy functional as a Hartree
term plus an exchange-correlation term which consists of in-
dependent contributions from each spin orbital. We compare
all functionals to numerically exact solutions obtained using
DMEFT [34,36] with the numerical renormalization group im-
purity solver [46], in addition to VDAT results for N' =3
[38] (see Fig. 1). The VDAT results correctly describe the
continuous Mott transition [34], identified by a kink in the
double occupancy at U/t = 5.61784, and accurately agree
with the DMFT results. These VDAT results will be exactly
reproduced by the 1RDMEF derived in the present work. The
MBB, CA, CGA, and power functionals are all substantially
in error, and qualitatively fail to predict the Mott transition
at a finite U /t. More advanced functionals, including PNOF5
[12] and PNOF7 [47], also perform poorly in the absence of
symmetry breaking [41].

Our proposed solution for obtaining the interaction energy
functional is to rigorously execute the constrained search
within the SPD ansatz [37,38], which is the ansatz used in
VDAT. The variational freedom of the SPD is set by an integer
N, where N/ — oo encapsulates the exact solution, and there
are two types of SPD: G-type or B-type. A restricted form
of the SPD has been evaluated using quantum Monte-Carlo
to solve the single-orbital Hubbard model in two dimensions
[48-53], the p-d model [54,55], and selected molecules [56].

Alternatively, VDAT has been used to exactly evaluate the
SPD in the Anderson impurity model [38], the single or-
bital Hubbard model in d = oo [38], and the multiorbital
Hubbard model in d = oo [39,40]. Nonetheless, construct-
ing Ein({ny¢}) from any nontrivial variational ansatz is still
highly challenging as there must be some efficient means
to constrain the variational parameters to a particular {rn,}
and minimize over the remaining degrees of freedom. The
recently developed qubit parametrization of VDAT allows for
the constrained search to be executed for the B-type N = 2
and the G-type ' = 2 and A/ = 3 SPD, and here we focus on
G-type N' = 3 (see Ref. [41] for N = 2).

We now proceed to construct the interaction energy func-
tional via the NV = 3 G-type SPD, and it is sufficient to restrict
the SPD to a pure state which can be represented as

|W) = exp (Z )/kgﬁkg> exp <Z UrK‘r) [Wo), (3)

kt ir

where |Wy) is a Slater determinant, X;r is a diagonal Hubbard
operator at site i, and the variational parameters are {yj},
{U[‘}, and {nk(;o}, where Nge:0 = (‘-I’Q|ﬁk(|\1/()) € {O, 1} The in-
dex T enumerates all 22" Jocal atomic states. The key idea
is to reparametrize the variational parameters {yx,} and {ur}
from Eq. (3) in terms of new variational parameters {rny,}
and p. The {n,} is the physical momentum density distri-
bution taking values within [0,1], and has the same number
of free parameters as {yi¢}. The p is a many-body density
matrix corresponding to a pure state of a 2N, qubit system,
which has the same number of independent parameters as
{ur}. The qubit system is a convenient mathematical tool
to represent local integer time correlation functions of the
VDAT formalism as static observables [41]. There is a natural
correspondence between the density operators in the local
Fock space and the qubit space where the local density op-
erator is represented as i, = 2(1 —&67), and 6, " denotes the
application of the 6 Pauli matrix to the £th qublt subspace.
Using these new variables, the interaction energy for a given
set of variational parameters can be expressed as (ﬁeff) 05
where Het = Hio({ficfr.¢}) is defined in the qubit space, and
flegr,¢ depends on the variational parameters only through the
following five variables: n, = [ dkng, & = (a[),,, Ay =
[. dknyg, and Axy = [, dk/nie(1 = nge), where X takes two
values denoted as < or > indicating that the integration is
over the region where ng o =1 or ny0 =0 for a given ¢,
respectively. Here we have taken the continuum limit of the
discretized ny, and choose the convention f dk = 1. It should
be emphasized that 7., analytically depends on the pre-
ceding five variables (see Eq. (68) in Ref. [41]). Finally, the
interaction energy functional can be conveniently expressed
as a constrained minimization

Ein({nee}) = min <Heff>ps 4
o {nkeo}
. 1 -6/
SU.bJCCt to /dknk(;o = 5 = /dknkg, (@)
p
[(65),] < 2V = none = (1= ADA, 6)

which corresponds to an exact constrained search within the
wave function given by Eq. (3) in d = co. We assume that
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the optimized nyg, is given as 0(ny, — njy), where 6 is the
Heaviside function and 7} is chosen such that f dknygo = ny.
The remaining challenge is how to efficiently minimize (H) P
over p, which is nontrivial given that H.; depends on p
through &,. This challenge can be addressed by dividing the
minimization into two stages. First, {£,} can be fixed, which
will fix He, and then (He), can be minimized, which is
equivalent to finding the ground state of He — Y ey —
>, h;6;, where the Lagrange multipliers 4 are chosen to
yield (6;), = 2§, and (6}), = 1 — 2n,. Second, the interac-
tion energy functional is obtained by minimizing over {£,}. In
what follows, we will illustrate this two stage minimization
for the case where ny, is restricted to be independent of ¢
and have particle-hole symmetry, which is sufficient to solve
a multiorbital Hubbard model where €;, is independent of ¢
and has particle-hole symmetry.

We consider the following multiorbital interaction Hamil-
tonian Hyoc({71s}) = U 0, where

A A JN\ A JN\ A
0O=0 1-2— )0 1-3—0;, 7
1+< U) 2+< U) 3 )

5ﬁa0 (Sﬁﬁfr 5 03 =

where 01 =3, 8fiut0iay, O1 =34 4,
Y v Saodhips, and 8Aiys = Ao — 3, with the orbital in-
dices «, B taking values of 1, ..., Ny and the spin index o €
{1, 1}. The restriction of particle-hole symmetry at half-filling
ensures that A, = A., and n, = % and for convenience we
define A = A_, + A., and also discard the index ¢ for & and
Ay. The interaction energy functional implicitly depends on
Now, U, and J, but scaling the interaction Hamiltonian will
trivially scale the interaction energy functional. Therefore, the
interaction energy functional only has a nontrivial dependence
on Ny, and J/U.

The interaction energy per site can be written as (Hejs) o=

UALF(A, £)(0), (see Eq. (431) in Ref. [41]), where

~ 2 / 4g2
Foo=r—m\- gt ®

Following the two stage minimization outlined above, we first
minimize the interaction energy over p under a constrained
value of £ by computing

N S P .
O(E)Zm,}n{(O)pIEM)p:S, { e>p=0}, €))

which encodes the essential information about all local cor-
relations. The computational cost for evaluating O(§) will
generally scale exponentially in terms of Ny, but it will be
demonstrated that only a coarse disctretization in & is needed
to faithfully represent O(§). A given data point can be gen-
erated efficiently by solving the ground-state of O — h > 67,
where & is a Lagrange multiplier, which is a transverse field
Ising model. In Fig. 2, O(£) is plotted for Ny, = 2 and various
J/U, demonstrating that the result is indeed a smooth function
which can be accurately represented by a spline interpolation.
Given that O(&) is demonstrated to be an analytic function
when |£] < % any nonanalytic behavior in the interaction
energy must arise from minimizing over £. The interaction
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FIG. 2. Plots of O(£) (top) and In |O(A)| (bottom) for Ny = 2
and various J/U ; the inset plots JLA In |O(A)|, highlighting the non-
analytic behavior in the IRDMF.

energy functional can be explicitly constructed when ny, is
independent of ¢ and has particle hole symmetry, given as

Em({nge}) = UA*O(A), (10
O(A)z min f-‘z(A,é)O(E), (11)
gef0.1-4]

where O(A) can be efficiently evaluated using the spline of
O(&), and the result can be accurately represented with a
spline interpolation as well. Moreover, for the case of Ny, =
1, an analytical form of O(A) can be derived (see Eq. (103) in
Ref. [41]). Given that O(A) is constructed for a given J/U
and Ny, the result may be used to solve any model with
€;¢ independent of £ with particle-hole symmetry and U. In
Fig. 2, we plot In|O(A)| and dIn|O(A)|/dA for Nop, = 2
and various J/U, demonstrating that there is a discontinuity
at A = A in the first derivative for J/U > 0 and the second
derivative for J/U = 0. The presence of nonanalyticity in the
interaction energy functional is profound, as it guarantees that
there must be a phase transition for an arbitrary band structure
at some critical U, and this transition will be demonstrated
to be the Mott transition. This nonanalytic behavior in the
interaction energy functional should not be confused with
the derivative discontinuity in density functional theory [57],
which is associated with a change in the total number of
particles and is present for all systems with a charge gap.

We now explore why Ej({nr¢}) has nonanalytic re-
gions by investigating the minimization over £. Consider

the function L(A, &) = —%, where L(A,0) = —1.

Finding the minimum of L£(A, &) will yield the minimum
of F2(A, £)O(£) used in Eq. (11), given that F(A,0) =4
and O(0) = —% orb (1 + (Nory — 1)J/U). We first consider
J/U = 0 at Noy, = 2 for various A (see Fig. 3), demonstrating
that the optimized £ will continuously go to zero as A in-
creases through A.. Alternatively, for J/U > 0, the optimized
& will discontinuously go to zero as A increases through
A.. Therefore, in both cases, A > A, indicates £ = 0 and

% =0 [see Eq. (8)], which can be seen in Fig. 2. A
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FIG. 3. Graphical illustration of the origin of the nonanalyticity
in the interacting energy functional. Plots of L(A, &) vs & at Ny = 2
with J/U = 0 (top) and J/U = 0.25 (bottom) for various A, where
A, corresponds to the nonanalytical point in O(A).

sixth-order Taylor series expansion of L£(A, &) in terms of
& can be used to provide an analytical understanding of the
nonanalyticity in O(A) (see Sec. VII C in Ref. [41]).

We now demonstrate that % = 0 indicates that the sys-
tem is in the Mott phase. Given that the interaction energy
only depends on {n;,} via A and A, the total energy can be
partially optimized for a fixed A and A, which is achieved by

the following momentum density distribution [40,41]
sgn(€xe)a + €k

1
=—|1- , 12
=2 ( V(sgn(exe)a + exe)> + bz) (12

where a and b are Lagrange multipliers that are deter-
mined by A and A. The partially optimized energy is
a function of A and A, and rewriting the saddle point

equations yields a = Z&i % and b= %O(A) (see
Egs. (483) and (484) in Ref, [41]). Given that the quasiparticle
weight Z = a/+/a* + b?, and that A > 0 for finite U, the only

scenario where Z = 0 is when % = 0. Determining the
order of the phase transition requires a global comparison
of the total energy between the metal and insulating phases,
and the transition only occurs at A, when the transition is
continuous (see Sec. VII C in Ref. [41]).

We now proceed to use the IRDMF to solve the multi-
orbital Hubbard model on the Bethe lattice in d = oo for
Noww = 2 — 7 with particle-hole symmetry and equivalent non-
interacting bands. While these results will be numerically
identical to VDAT at N/ = 3 with a G-type SPD, the IRDMF
offers extraordinary practical advantages. The computational
cost of the IRDMF can be broken into two parts. First, the
interaction energy functional must be constructed for a given
Now and J/U, and the computational cost is dominated by the
solution of a collection of quantum spin models with 2Ny,
spins. Second, the total energy must be minimized for a given
Hamiltonian by solving the saddle point equations for a and
b, which has a minimal cost. For a fixed J/U and N, the
interaction energy functional for arbitrary U can be obtained
via scaling, allowing for the entire parameter space over U to
be explored at a minimal computational cost. The total energy

FIG. 4. Plots of various energy contributions for the multiorbital
Hubbard model on the Bethe lattice in d = oo for Ny, = 2,3,5,7
as a function of U/t for J/U = 0.05. (Top) Plot of AE/(Nowt),
where AE = EU,J,t)— EU,J,0)and E(U, J, ) is the total en-
ergy per site. (Bottom) Plot of Ej, /(NowU ). The dotted lines indicate
metastable solutions.

and the interaction energy are plotted as a function of U/t
for J/JU = 0.05 and Ny, = 2, 3,5, 7 (see Fig. 4). The dotted
lines indicate a metastable metal or insulating phase. The Mott
transition can be identified as a kink in the total energy or
a discontinuity in the interaction energy, which is first-order
in this case, consistent with previous Gutzwiller [58], slave
boson [59], and DMFT [60] studies. Corresponding results
for J/U = 0, 0.25 are provided in Ref. [41]. Additionally, we
explore how the Mott transition value U, depends on Ny, for
many different values of J/U (see Fig. 5). For J/U = 0, we
exactly recover the result from our previous VDAT study [40],
which demonstrated excellent agreement with numerically
exact DMFT solutions. For small J/U, the U, increases with
Now, While the opposite happens for sufficiently large J/U.
While previous DMFT studies already elucidated the fact that
increasing J/U decreases U, at a given Nyp for Nyp < 3
[60-63], our results provide a clear understanding of how U,
depends on N, for a given J/U up to Ny, = 7.

25F J/U =0,107%2 x 1074,5 x 1074,
0.001,0.005,0.01, 0.05,
0.1,0.15,0.2,0.25

N, orb

FIG. 5. Plot of U, for the multiorbital Hubbard model on the
Bethe lattice in d = oo as a function of Ny, for various J/U, where
U. monotonically decreases with increasing J/U for a given Noyp.
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In conclusion, we have provided a practical formalism for
exactly executing the constrained search within the G-type
N =3 SPD in d = 0o to construct the IRDMF for the mul-
tiorbital Hubbard model. We explicitly illustrate that there is
nonanalyticity in the interaction energy functional for the mul-
tiorbital Hubbard model which gives rise to the Mott transition
and properly describes the order of the transition. While the
Mott transition in d = oo has been intensively studied, the
1RDMF demonstrates the universality of the Mott transition
independent of the details of the band structure. Moreover,
the 1IRDMF is an efficient tool for accurately solving the
ground-state properties of the multiorbital Hubbard model,

yielding solutions for large Ny, which cannot be obtained by
competing methods.
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